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ABSTRACT 
A non-linear 3D finite element model for the ‘microscopic’ 
analysis of masonry structures, subjected to static and seismic 
loads, is presented in this study. The model presented considers 
masonry as a two-phase material, treating bricks and mortar 
joints separately, thus allowing for non-linear deformation 
characteristics and progressive local failure of both bricks and 
mortar joints. The influence of the mortar joints is taken into 
account by using ‘interface’ elements to simulate the time-
dependent sliding and separation along the interfaces. Analytical 
and experimental solutions available in the literature have been 
employed to verify the results obtained from the present finite 
element model, showing that it is capable of a high degree of 
accuracy. 
 
NOTATION 
[B] = Matrix of shape functions of interface element 
[H]  = A transformation matrix 
[J] = The Jacobian matrix 
[K]  = Element stiffness matrix in global coordinates 
[K/] = Element stiffness matrix in local coordinates 
[M] = Mass matrix 
hi  =  Interpolation (or shape) function  
[k]  = Element material property matrix 
ksx, ksy  = Unit shear stiffness along the x and y directions 
knz  = Unit normal stiffness along the z direction 
{qi}  = Vector of nodal displacements 
{ui}  = Vector of displacement components 
u, v, w  = Displacement components parallel to x, y, z axes 
wi, wj = Weighting coefficients for Gaussian integration 
η, ξ  = Natural coordinates of the interface element 
τ  = Shear stress 
 

1.  INTRODUCTION 
 

With the current generation of computers, finite element processes 
based on two-dimensional, idealised two-dimensional and series 
expansion methods provide convenient and economical solutions. 
By comparison, the FE analysis of a three-dimensional problem 
requires considerably greater computational effort; even so, many 
engineering problems demand, by virtue of their configuration, 
loading or behaviour, a three-dimensional solution for a realistic 
prediction of their behaviour. Furthermore, a three-dimensional 
solution can be, and is sometimes used to verify the accuracy of 
the corresponding idealised two-dimensional solution. 
  In Civil Engineering, inherently three-dimensional structures, 
with joints or discontinuities and subjected to static, dynamic, or 
seismic loads, present an interesting but complex problem, 
especially when their material behaviour is non-linear. Masonry 
structures provide a familiar example of this. Masonry walls, 
designed as vertical load-bearing elements primarily to resist in-
plane compressive forces, are frequently subjected to considerable 
lateral loads, arising from one or more of the following: 
eccentricity of the applied in-plane forces, earth pressure, wind 
loads, and seismic or blast forces.  
The analysis of such discontinuous systems is compounded by the 
sliding and separation that may occur along the interfaces between 

adjacent blocks. In general, this occurs at shear levels that are 
significantly lower than the limiting shear of the block material; 
consequently, an analysis that assumes perfect bonding at the 
interface, would over-predict the shear transfer, and, depending on 
the specific application, this would lead to an over- or under-
estimation of the response of the structure. Clearly, the interfaces 
constitute planes of weakness, and it is essential to be able to 
describe their behaviour with a reasonable degree of accuracy.  
  The model adopted in this study, treats bricks and mortar joints 
separately and allows for non-linear deformation characteristics 
and progressive local failure of both bricks and mortar joints. 
Behaviour at the interfaces is simulated by using a three-
dimensional interface element to model the interface. The 
constitutive model of the element reflects the limiting value of the 
shear stress/normal stress ratio at the interface. Moreover, 
insertion of the interface element leads to the satisfaction of the 
compatibility condition at the interface, and to the representation 
of the strain energy contributed by the discontinuous interface. 
  A review of the available literature reveals that only two-
dimensional analyses with plane stress formulation have so far 
been adopted for the finite element analysis of masonry walls 
[1,2]. Further, in the absence of a suitable model to represent its 
behaviour, in the past masonry was assumed to be an isotropic 
elastic continuum; consequently, the influence of the mortar joints 
acting as planes of weakness, could not be addressed. Indeed, it is 
only recently that analytical procedures, which account for the 
non-linear behaviour of masonry under static loads, have been 
developed [1,3,4].  
  An extension of these procedures to static and dynamic/seismic 
response analysis of masonry walls in three-dimensions is 
presented in this paper; central to this is the development of an 
interface element in three dimensions. Non-linear material 
behaviour has been idealised using an elasto-plastic model, and, in 
order to avoid unrealistic volumetric expansion or dilatation 
during yielding, a suitable yield criterion has been adopted 
together with a non-associated flow rule. 
 

2.  THE INTERFACE ELEMENT AND 
     IT’S CONSTITUTIVE RELATIONS 

 
Several attempts [5-9] have been made earlier at developing 
discrete elements to represent joint behaviour in two and three 
dimensions, especially in the field of Rock Mechanics. Toki et al 
[10] have introduced the joint element into the dynamic analysis 
of soil-structure systems to simulate time-dependent sliding and 
separation along soil-structure interfaces. The concept of the joint 
element can also be applied to masonry. When applied, it enables 
the reproduction of some non-linear characteristics of masonry 
from the properties defined in uniaxial tests; in this way various 
combinations of shear and normal stresses can be produced in the 
mortar joints [1,3]. The geometry of the three-dimensional 
interface element used in this study is shown in Figure 1. 
Although further details of this element are available in the 
literature [9], it does not appear to have been used in the non-
linear analysis of three-dimensional masonry structures subjected 
to static or dynamic loading. The purpose of the element is to 
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permit large relative movements to occur between adjacent 
blocks, and the transfer of shear stresses across the interfaces. 
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Figure 1-Geometry of the 3D interface element 

 
  With reference to Figure 1, the displacements at any point within 
the element can be expressed as [11]: 
   { } [ ]{ }iii qBu =      (1) 
where {ui} is the vector of displacement components, and {qi} the 
vector of nodal displacements. Matrix [Bi] contains the 
interpolation functions of the element and is given by 
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where 
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  The relative displacements between the top and the bottom of the 
element can then be computed as 
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in which 
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  On minimising the potential energy of the element, we obtain the 
stiffness matrix, [K/], of the interface element in the local 
coordinates. Thus, 
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where [k] is the material property matrix containing unit shear and 
normal stiffnesses. This area integral can be easily computed if we 
make a change of the variables by writing: 
 [ ] dη dξ JDetdydx =       (8) 
where [J] is the Jacobian matrix. Equation (7) can now be 
integrated numerically, using the Gauss quadrature formula, for 
example.  
  In general, for a n-point Gauss integration scheme, we can write: 
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in which w
i
 and w

j
 are the weighting coefficients. Finally, the 

joint stiffness [K/] is transformed into its global counterpart [K] 
through 

  [ ] [ ] [ ][ ]HKHK /T=            (10) 
in which [H] denotes the 3x3 transformation matrix between local 
and global coordinate axes. 

  Non-linear finite element analysis of three-dimensional masonry 
prisms is a complex and time-consuming exercise which relies on 
a detailed knowledge of the stress-strain relationships of both the 
blocks and the mortar under a multiaxial state of stress during 
static or dynamic loading. Such information is difficult and often 
not possible to provide. In this study the off-diagonal terms in the 
material property matrix [k] where ignored, and thus 
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in which ksx and ksy denote unit shear stiffness along x and y 
directions respectively; and knz denotes unit normal stiffness along 
the z direction. This definition of [k] assumes that the shear and 
normal modes are uncoupled, and ignores the effect of shear 
dilatancy which was considered to be negligible for this type of 
joint [12].  
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Figure 2-Constitutive relations of the interface element 

 
  Figure 2 shows the idealised constitutive relations of the 
interface element, in the normal and tangential to the joint 
directions, that have been adopted for the sake of simplicity. The 
interface behaviour can be characterised as elastic-perfectly 
plastic, and incapable of withstanding any tensile stress in the 
direction normal to the bed joint. In relating stress to deformation 
in the direction normal to the joint, two distinct stages are defined 
(Figure 2): (a) Separation, which occurs when the normal strain is 
less than or equal to zero; the joint cannot now sustain any tensile 
stress in the normal direction. During separation, both normal and 
shear stiffnesses of the interface element are set equal to zero; 
consequently shear or direct stress cannot be transmitted across 
the joint. (b) Contact, which is restored when the normal strain 
returns to the value at which separation occurred. The tangential 
stress-strain relationship is assumed to be elastic-perfectly plastic, 
based on the Mohr-Coulomb yield criterion. Within the range of τ
<τy (Figure 2) sliding does not occur and the behaviour is elastic. 
If shear stress reaches its yield value, τy, slippage is assumed to 
occur. During slippage, joint stiffness in the normal direction is 
assumed to remain constant, but a reduced (or residual) shear 
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stiffness is allocated to the joint. The non-linear behaviour of the 
joints is treated by assigning the joint properties corresponding to 
the level of stress obtained from the last load step in a step-by-step 
loading procedure [13]. 
 

3.  THE 3D FINITE ELEMENT MODEL 
 
  In order to test the performance of the proposed three-
dimensional interface element, it would be logical to use it to 
analyse a truly three-dimensional problem for which analytical or 
experimental results are known or available. Unfortunately, no 
such work, analytical or experimental, appears to have been done 
to date with which present results of a three-dimensional finite 
element analysis could be compared. Reliable results of tests on 
two-dimensional masonry walls are, on the other hand, available, 
under static and dynamic loading conditions. For this reason, two-
dimensional masonry walls, for which experimental results are 
available, have been chosen as the test problem in both static and 
dynamic analyses. A three-dimensional formulation has been used 
instead, to demonstrate the level of accuracy the proposed 
interface element is capable of. 
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Figure 3-Typical finite element subdivision 

 
  A typical discertization of a masonry wall assemblage is shown 
in Figure 3. It was discertized using 8-noded isoparametric ‘brick’ 
elements to represent the bricks, while the mortar joints (shown 
exaggerated), where represented by three-dimensional interface 
elements (Figure 1). 
 

4.  STATIC ANALYSIS 
 
4.1  The problem and method of analysis 
The analysis of an unreinforced masonry wall panel subjected to 
an in-plane bending loading, is presented here. Figure 4 shows the 
masonry wall considered, for which experimental and analytical 
solutions are available [1]. 
  A non-linear finite element computer program, implementing the 
initial stress method, was developed for the analysis [14]. In order 
to avoid numerical instability, the load was applied incrementally 
in terms of equivalent displacements at the relevant nodes. At a 
given load level, iteration was continued until stresses generated 
by the loads satisfied the yield or failure criteria within prescribed 
tolerances. Convergence was taken to have been achieved when 
the displacement increment vector, from one iteration to the next, 
was less than the chosen tolerance. A further increment of load 
was applied once convergence was achieved, and the process 
repeated as required.  
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Figure 4-General arrangement of masonry deep beam test [1] 
 
4.2  Results 
Vertical stress distributions at level A-A (see Figure 4), obtained 
using the three-dimensional finite element model developed, are 
compared in Figure 5 with the corresponding experimental results 
taken from Page [1]. Stress distributions at two levels of applied 
load, P, are shown. Results obtained from a conventional finite 
element analysis, with the masonry modelled as a continuum with 
average properties and isotropic elastic behaviour, are also 
included. 
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Figure 5-Comparison of present analytical results with the 
experimental results of Page [1] 

 
  Clearly, there is a good agreement between the results of the 
present inelastic analysis and the experimental results of Page [1], 
particularly in view of the inherent variability of actual material 
properties, joint strengths and the various simplifications that have 
been made in the proposed analytical model. It is also clear that 
the elastic solution deviates grossly from both experimental and 
the inelastic results, and this confirms that material behaviour is 
significantly non-linear, especially that of the mortar joints. The 
computed progression of cracks, as P is increased from 40 KN to 
60 KN, is interesting to note in Figure 5. 
 



496 A.D. Tzamtzis and P.G. Asteris 
 

5.  SEISMIC ANALYSIS 
 
5.1  The problem and method of analysis 
The calculation of the dynamic response of a discontinuous 
system subjected to time-varying loads such as blast, impact or 
earthquake loading is generally a complicated process, especially 
if the non-linear behaviour of the system is simulated [14]. Given 
that by far the majority of earthquake fatalities world-wide are 
caused by the failure of masonry structures, and that masonry is 
probably the least understood of all construction materials, the 
need for developing an accurate model of the seismic behaviour of 
masonry structures cannot be over-stated. Unfortunately, 
information on the material properties of masonry under 
dynamic/seismic loading is both complex and scarce. At present 
there appears to be very little knowledge about the dynamic 
properties of masonry, especially in the non-linear regime.  
  The problem is further compounded by the unavailability of 
results, experimental or analytical, with which present results 
could be compared. Indeed, to the best of author’s knowledge, the 
only relevant work available with which present results could be 
compared, is the shaking table test on a brick wall, shown 
schematically in Figure 6, due to Mengi and McNiven [15]. 
 

h=1.83 m 

earthquake m otion 
shaking table

b=2.44 m

P  =  62.45 K N 
LEAD  INGOTS 

Figure 6-Schematic diagram of the seismic test setup [15] 
  
  The bricks in Figure 6 were modelled with the 8-noded ‘brick’ 
element, and the joints between adjacent bricks with the interface 
element of Figure 1. The exciting base input to the system was 
taken to be the modified El-Centro earthquake record (Figure 7), 
as in Reference [15]. This modification involved the reduction of 
the time-scale by a factor of √3 so that it was possible to study the 
wall behaviour for a wider range of frequencies. 

 

time (sec) 
 

Figure 7-Record of the modified El Centro earthquake [15] 
 
  Two of the most commonly used methods, namely the Wilson-
theta and Newmark average acceleration methods, were employed 
for computing system response. The optimised size of the time-
step (Δt) was taken as 0.025 sec, and the value of theta (θ), used in 
the Wilson-theta method, as 1.4 in order to ensure the 
unconditional stability of solution. Very limited information is 
available on damping in linear solid mechanics problems, and 
there is even less data on damping in non-linear situations, 
especially for materials subjected to seismic loads. In this study, 
Rayleigh damping was assumed in the form: 
  [C]=α[M]+β[K]             (12) 
in which α and β are proportionality constants and [M] and [K] 
are, respectively, the mass and stiffness matrices. For the problem 
under consideration, the value of α was taken as zero, and, 
following Reference 15, the value of β was taken as 0.24.  
  The stress level in the structure before the application of the 
seismic base excitation was assumed to be due to extra loading on 
top of the wall (Figure 6). The influence of this mass on the 
seismic behaviour of the wall was considered by taking into 
account the mass of the lead ingots attached to the top face of the 
wall. Prior to the seismic analysis, the initial stresses were 
calculated using a static finite element program. The stress state 
for every Gauss integration point was recorded and added to the 
input data for seismic analysis. 
 
5.2  Response results 
Figure 8 shows that system response, predicted by the present 
method, is in a very good agreement with that found from the 
experiments performed by Mengi and McNiven [15]. 
Unfortunately, not all the material properties necessary to define 
the present finite element model could be found in Reference [15], 
and, therefore, some of the properties had to be assumed. This is 
probably the reason for the discrepancy between test and present 
results. 
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Figure 8-Comparison of the computed seismic responses of the wall of Figure 6 to the excitation of Figure 7 
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6. SUMMARY AND CONCLUSIONS 
 
A non-linear finite element model for the analysis of masonry 
structures was presented in this study in order to demonstrate the 
applicability of a three-dimensional interface element to the 
analysis of discontinuous systems. The model presented considers 
masonry as a two-phase material, treating bricks and mortar joints 
separately, thus allowing for non-linear deformation 
characteristics and progressive local failure of both bricks and 
mortar joints. The influence of the mortar joints was taken into 
account by using interface elements to simulate the time-
dependent sliding and separation along the interfaces. Stress 
distributions from an in-plane bending test on a masonry panel 
were reproduced to a reasonable degree of accuracy.  
  The potential of the proposed three-dimensional model was also 
demonstrated by using it to predict the non-linear response of a 
masonry wall panel to an earthquake excitation. Analytical and 
experimental solutions available in the literature have been 
employed to verify the results obtained from the present finite 
element model, showing that it is capable of a high degree of 
accuracy. 
  The use of the interface element in the finite element analysis of 
masonry structures, employed to simulate the actual joint 
behavioural features of the system, may eventually lead to a more 
rational design of these structures. The model developed offers a 
more realistic alternative to an analysis that assumes masonry as 
continuum with average properties, and it has a potential as a 
research tool since the properties of the masonry components can 
be varied individually and their significance to the overall 
behaviour of the masonry assemblage studied.  
 

7. SCOPE FOR FURTHER RESEARCH 
 
Finite element analysis of the seismic response of complex 
discontinuous systems with material non-linearity presents a 
formidable problem. Extensive investigation shows that very little 
work has apparently been done in this important area to date. This 
is exacerbated by, and is probably due to the lack of data on the 
material properties of masonry structures under seismic loading, 
especially in the non-linear regime. 
  Using the three-dimensional interface element, described in this 
paper, work is now under way on the time-based response analysis 
of such systems to seismic excitations. Preliminary results are 
promising and there appears to be potential for simplifying the 
solution algorithm that would lead to significant computational 
economy. Results will be reported in due course. 
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